We present updated results of a numerical improvement test with heavy-meson spectrum for the Oktay-Kronfeld (OK) action. The OK action is an extension of the Fermilab improvement program for massive Wilson fermions including all dimension-six and some dimension-seven bilinear terms. Improvement terms are truncated by HQET power counting at O(Λ 3 /m 3 Q ) for heavy-light systems, and by NRQCD power counting at O(v 6 ) for quarkonium. They suffice for tree-level matching to QCD to the given order in the power-counting schemes. To assess the improvement, we generate new data with the OK and Fermilab action that covers both charm and bottom quark mass regions on a MILC coarse (a ≈ 0.12 fm) 2 + 1 flavor, asqtad-staggered ensemble. We update the analyses of the inconsistency quantity and the hyperfine splittings for the rest and kinetic masses. With one exception, the results clearly show that the OK action significantly reduces heavy-quark discretization effects in the meson spectrum. The exception is the hyperfine splitting of the heavy-light system near the B s meson mass, where statistics are too low to draw a firm conclusion, despite promising results.
Introduction
Nowadays, lattice QCD achieves very high precision for calculations of light-quark processes [1] . However, simulating heavy quarks in lattice QCD is still a challenge [2, 3] . A major challenge in increasing the precision of lattice QCD calculations of heavy-quark, c and b, quantities is controlling heavy-quark discretization errors. Because the heavy-quark masses and the accessible ultraviolet cutoff a −1 are comparable, special care is needed to handle heavy-quark discretization effects.
The Fermilab method was introduced to address these issues [4] . The Oktay-Kronfeld (OK) action [5] is an improvement (in the Symanzik sense) of the this approach that incorporates the dimension-six and -seven bilinear operators needed for tree-level matching to QCD. It explicitly treats corrections through O(λ 3 ), where λ ∼ Λ QCD /m Q or Λ QCD a, in HQET power counting for heavy-light mesons, and O(v 6 ), where v is the relative quark-antiquark velocity, in NRQCD power counting for quarkonium. For a small mass m Q a 1, the improvement is equivalent to O(a 2 ) with some O(a 3 ) terms with Symanzik power counting [6] . Based on semiquantitative arguments, it is expected that the bottom and charm quark discretization errors could be reduced below the current 1% level with the OK action [5] . We aim to test the improvement quantitatively.
For the heavy-light and quarkonium spectra of c-and b-mesons, we present results for the inconsistency quantity [7, 8] and hyperfine splittings, which test how well the Fermilab and OK actions reduce heavy-quark discretization errors in practice. For the work reported here, we generate data using the tadpole-improved Fermilab and OK actions for a range of heavy-quark masses encompassing charm and bottom. We extend our preliminary analysis on a MILC asqtad-staggered N f = 2 + 1 coarse ensemble with a ≈ 0.12 fm [9] . Near both charm and bottom masses, we generate data with four (two) different values of the hopping parameter for the OK (Fermilab) action, for comparison. We use an optimized conjugate gradient (CG) inverter [10] . Tadpole improvement of all terms is fully implemented in this program, completing early work [11] .
Meson Correlator
We use the MILC asqtad-staggered N f = 2 + 1 gauge ensemble which has dimensions N 3 L × N T = 20 3 ×64, β = 6.79, tree-level tadpole factor u 0 = 0.8688, and lattice spacing a ≈ 0.12 fm [12] . The asqtad-staggered action [12] is used for the light degenerate sea quarks with mass am l = 0.02 and strange sea quark with mass am s = 0.05. For the tests reported here, we use N cfg = 500 configurations of the approximately 2000 configurations available. For each configuration, we use six sources h(r r r i ,t i ) for calculating valence quark propagators. The spatial source coordinates r r r i are randomly chosen within the spatial cube. The source times t i are evenly spaced along the lattice with a randomized offset t 0 ∈ [0, 20) for each configuration.
We compute two-point correlators as described in Ref. [9] at 10 meson momenta, p p p = 2πn n n/N L a, with n n n = (0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1), (2, 0, 0), (2, 1, 0), (2, 1, 1), (2, 2, 0), (2, 2, 1), (3, 0, 0)-including all permutations of the components.
The definition of the hopping parameter for the OK action is given in Eq. (2.1) of Ref. [11] . For the Fermilab action, the Eq. (2.2) of Ref. [4] defines the hopping parameter. The hopping parameter values used to simulate c and b quarks are given in Table 1 . We fix the valence light quark mass for the heavy-light meson correlators to the strange sea quark mass am s . Hence, we refer to the heavy- 
where A is the ground state amplitude. We also incorporate the staggered parity partner state with amplitude A p and energy E p for the ground state into the fit function. In practice, we take an amplitude ratio r = A p /A and energy difference ∆E = E p − E as fit parameters instead of A p and E p . We set the Bayesian prior ∆E = 0.2(5). The parity partner is not involved in the fit for quarkonium, because both heavy quarks are described by either the OK or Fermilab action. Hence, we used a simpler fit function for quarkonium with r ≡ 0 in Eq. (2.1).
We perform correlated fits. The inverse covariance matrix is estimated with singular value decomposition (SVD). Before performing SVD, the covariance matrix is normalized by the maximum component on the diagonal, so that the largest eigenvalue λ max is of O(1). Then singular values λ i below the numerical tolerance λ i /λ max ≤ 10 −15 are removed. One or two singular values are removed from the data with b-quark hopping parameter values given in Table 1 .
To increase statistics, each correlator is averaged over positive and negative time separations. Then, we take the fit interval [t min ,t max ], where 0 ≤ t min < t max < T /2, equal to [10, 19] for the heavy-light systems and [15, 20] for the quarkonia. We fix these intervals for fits to all correlators, independent of the hopping parameter κ, momentum p p p, and action. The t max are chosen by requiring that the noise-to-signal ratio in the two-point correlator be less than about 20% for all momenta, which, in practice, is set at the larger momenta, where the correlator is noisier. The t min are chosen by observing the effective mass calculated from the definition m eff (t) = ln C M (t)/C M (t + 2) /2, as well as comparing the fit results E with m eff (t). To estimate the statistical errors, we use a singleelimination jackknife.
Meson Masses
We fit the ground state energy E in Eq. (2.1) for each momentum p p p to the non-relativistic dispersion relation E(p p p), including terms up to O((ap p p) 6 ),
1) We investigate variations by excluding some or all the higher-order correction terms E 4 and E ( ) 6 . We find that the E 4 term is necessary, and E ( ) 6 terms reduce the χ 2 . We also investigate fits by dropping high-momentum data. For the improvement tests, we select the results from the dispersion fits using only the lowest eight momenta without Bayesian constraints on the fit parameters. The rest mass M 1 and the kinetic mass M 2 from the chosen fits are statistically consistent with other fits that we performed: the dispersion fits with Bayesian constraints on the fit parameters W 4 and W ( ) 6 , and the dispersion fits with meson spectra which are obtained from uncorrelated fits for the two-point correlators.
Inconsistency Parameter
To assess the improvement, we use the inconsistency quantity [7, 8] ,
where the mass differences δ M X ≡ M 2X − M 1X , (X = Qq, QQ), are obtained from the dispersion relation fits. Because light quarks always have ma 1, the O((ma) 2 ) distinction between rest and kinetic masses is negligible. We therefore omit δ M≡ M 2qq − M 1qq (or δ B). The meson masses M 1,2 can be written as a sum of the perturbative quark masses m 1,2 and the binding energies B 1,2 . For a heavy-light system, the relation reads
and similarly for a (light) quarkonium. These formulas define B 1 and B 2 . Substituting them into the definition of I in Eq. (4.1), the quark masses cancel out, and we obtain the relation among binding energy differences δ B = B 2 − B 1 in Eq. (4.1). In a relativistically invariant theory, the binding energies B 1 and B 2 are equal. The "inconsistency" I isolates the binding-energy difference δ B = B 2 − B 1 = 0. At the leading order, O(p p p 2 ), it is due to discretization errors from the higher-dimension operators in the action of O((ap p p) 4 ), or O(v 4 ) in NRQCD power counting, which enter B 2 [8] . This leading-order inconsistency vanishes at tree-level for the OK action, but not for the Fermilab action [8, 13, 9] . Hence, by construction, the inconsistency quantity I is good for probing how well the OK action removes these discretization errors in the meson spectra.
The results for the inconsistency I from the pseudoscalar meson spectra are shown in Fig. 1 . We find that I is close to the continuum limit, I = 0, for the OK action even in the bottom mass region, whereas the Fermilab action produces a very large deviation, I ≈ −0.6. The small I shown in Fig. 1(a) is given in Fig. 1(b) . Data labels denote κ × 10 3 values. The square (green) represents the Fermilab action data, and the circle (purple) represents OK action data. For tuning purposes, we also indicate the physical B s and D s masses with vertical lines and error bands [14] ; the errors are dominated by the error of the lattice spacing. I almost vanishes for the OK action, but for the Fermilab action it does not. This behavior suggests that the OK action is significantly closer to the continuum limit, I = 0, which is represented by the horizontal line (red). The errors are from the jackknife.
or O(λ 2 ) in HQET, power counting [5] . These terms suffice to tune the quark dispersion relation to O ((ap p p 4 ) ). This outcome provides good numerical evidence that the improvement expected with the OK action is realized in practice.
Hyperfine Splittings
The hyperfine splitting ∆ is defined to be the difference in the masses of the vector (M * ) and pseudoscalar (M) mesons:
Spin-independent contributions to the binding energies cancel in the difference of hyperfine splittings ∆ 2 − ∆ 1 = δ B * − δ B [9] . Comparing to the continuum limit, ∆ 2 = ∆ 1 , diagnoses the improvement of the spin-dependent terms in the OK action [5] of O(v 6 ) in NRQCD, or O(λ 3 ) in HQET power counting. As one can see in Fig. 2(a) , the OK action shows clear improvement for quarkonium. The data points from the OK action lie much closer to the continuum limit ∆ 2 = ∆ 1 (the red line) for all simulated values of κ OK . In addition, the deviation is smaller for the charmonium region, near κ OK = 0.049 and κ FL = 0.127, than for the bottomonium region, near κ OK = 0.041 and κ FL = 0.083. The heavy-light results in Fig. 2(b) also show clear improvement in the region near the D s mass. The results with the OK action remain consistent with the continuum expectation throughout the B s mass region, but the improvement is not significant for κ OK ≤ 0.041, because the statistical errors are large. Even here, however, the results are suggestive of improvement.
For both quarkonia and heavy-light mesons, the hyperfine splitting of the kinetic mass (∆ 2 ) has a larger error than that of the rest mass (∆ 1 ), mainly because the kinetic mass requires correlators 
Conclusion
The inconsistency quantity shows that the OK action improves the O(p p p 2 ) effects in the binding energy, because it improves the O(p p p 4 ) part of the effective Lagrangian, in practice as well as in theory. The hyperfine splittings clearly show the improvement from the higher-dimension chromomagnetic interaction terms, except in the B s mass region, where statistics are at present insufficient to reach any definite conclusion.
